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Abstract. The search of solutions of the Diophantine equation x3+y3+z3 =
k for k < 1000 has been extended with bounds of |x|, |y| and |z| up to 1015.
The first solution for k = 74 is reported. This only leaves k = 33 and k = 42
for k < 100 for which no solution has yet been found. A total of 966 new
solutions were found.
1. Introduction
The question of whether or not any k ∈ N can be written as the sum of three
cubes of integers:
x3 + y3 + z3 = k(1.1)
has been investigated for centuries. Specific cases for k can be excluded. For
example, any k ≡ ±4 (mod 9) cannot have a solution since for any n ∈ N, n3 ≡
0,±1 (mod 9). In addition, for k = 0 the equation reduces to a specific case of
Fermat’s last theorem, which was proven by Euler to have no solutions besides the
obvious trivial ones. It has not been proven that for all other k solutions exist.
Nor has there been any proof showing that any other k has no solutions. Moreover,
recent work of Colliot-The´le`ne and Wittenberg [CTW] has shown that the integral
Brauer-Manin obstruction is empty for these Diophantine equations. It is therefore
conjectured that all other k can be written as the sum of three cubes.
For k = 1 and k = 2 (and therefore for k = s3 and k = 2s3 for any s ∈ N)
parametric solutions are known [Wer, Mah, Mor]:(
9t4
)3
+
(
3t− 9t4
)3
+
(
1− 9t3
)3
= 1,(
1 + 6t3
)3
+
(
1− 6t3
)3
+
(
−6t2
)3
= 2.
For this set of k there are an infinite number of solutions that one can generate
trivially. For other k many solutions have been found for k < 1000. The search
for solutions accelerated in the ’50s when digital computers became available. A
complete historical overview and the progress over the years up to 2007 is given by
[BPTJ]. They end their paper with a list of k for which no solution has been found
yet: 3 values for k < 100 and 27 values for k < 1000. The most recent computer
assisted search for solutions with bounds for x, y, and z up to 1014 by Elsenhans
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and Jahnel from 2009 [EJ] still leaves 3 values for k < 100 without solution and
leave only 14 values for k < 1000 without solution. In this paper the results for
search bounds for x, y, and z up to 1015 are presented.
2. Methodology
The numerical technique used is the same as the one used by Elsenhans and
Jahnel [EJ], and is based on the work of Elkies [Elk]. Here we look for large-number
solutions of (1.1). What that practically means is that there will be positive and
negative numbers among x, y, and z. The problem can be rewritten as:
X3 + Y 3 = 1 +
(
k
z
)3
,(2.1)
where X = x/z and Y = y/z. For large-number solutions for relatively small k the
last term is very small and effectively rational points are sought around the curve
Y 3 = 1−X3. As the above equation is symmetric in X and Y the search space can
be reduced by requiring 0 < X < 3
√
1/2. Because the last term of (2.1) is nonzero
solutions around the line are sought for. The cubic curve is therefore covered by
tiny ‘flagstones’[EJ] (called after the German word fliesen meaning tiles) which are
parallelograms that cover the curve, where 2 lines are parallel to the Y axis and
the other 2 sides follow the tangent of the curve. The width of these parallelograms
depend on the search bound B and the maximum size for k. Findings solutions of
the form x/z, y/z that fall inside these parallelograms is equivalent to looking for
solution x, y, and z inside a pyramid with sharp apex. In order to quickly iterate
over lattice points inside this pyramid, lattice base reduction is applied to find basis
vectors that are more accustomed to this geometry. For more details we refer to
the documentation and the (German) comments inside the code of [EJ] and a more
elaborate explanation of [Mac] for a very similar problem using identical technique.
3. Results
The results of [EJ] are taken as reference. With respect to this reference 966 new
solutions have been found. The combined list now includes 15254 solutions. The
number of solutions for each decade up to search bounds B in the range from 102
to 1014 have been roughly 1000 solutions per decade, which is in accordance with
log(B)[HB] scaling of the number of solutions up to bound B. The most exciting
result is the discovery of the first solution for k = 74:
74 = (−284650292555885)3+ 662298321905563+ 2834501056977273.
For 3 values of k a second solution has been found:
606 = (−170404832787569)3+ (−16010802062873)3+ 1704519342247183,
830 = (−947922123009026)3+ (−335912682279105)3+ 9617794449659113,
966 = (−1134209166959435)3+ 2916906812487883+ 11277416301380893.
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And for 9 values of k for which only 2 solutions were known, now new solutions are
available:
30 = (−662037799708799)3+ 1908092688412843+ 6567116892545653,
87 = (−180751987188142)3+ 403046204154953+ 1800815021876303,
327 = (−170547806910404)3+ (−55495503315494)3+ 1724843970628153,
327 = (−608821354548722)3+ (−23497102374545)3+ 6088330208609803,
402 = (−577521772954300)3+ 564880937365313+ 5773415756484713,
483 = (−580121771294941)3+ 2471105309310023+ 5647736636905163,
735 = (−857556020813401)3+ 4758967482524903+ 8056211846639963,
758 = (−930395267860313)3+ (−698249403713424)3+ 10464174476009593,
786 = (−548172948160250)3+ 3779356860608533+ 4802138281396693,
831 = (−210051134032889)3+ (−160898634415892)3+ 2377165973812423.
The question whether all k ∈ N (k 6= ±4 (mod 9), k 6= 0) can be written as the
sum of three cubes will likely remain an open question for many years to come.
Our work does, however, give us new insight into the density of the solutions. The
search bound was extended 10-fold since the last search [EJ], leaving 13 unsolved
k < 1000 for which no solutions have been found yet: 33, 42, 114, 165, 390, 579,
627, 633, 732, 795, 906, 921, and 975.
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